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\ Abstract. Let X be a simply connected space and F p be a prime field. The algebra of 
normalized singular cochains N*(X;¥ p ) admits a natural homotopy structure which induces natural 
£-H ' Steenrod operations on the Hochschild homology HH Jf N*(X;¥ p ) of the space X. The primary 
■ purpose of this paper is to prove that the J. Jones isomorphism HH*N*(X;¥ P ) = H*(X S ;F p ) 
identifies theses Stenrood operations with those defined on the cohomology of the free loop 
space with coefficients in F p . The other goal of this paper is to describe a theoritic model 
which allows to do some computations. 
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Introduction. 

Let A = {v4*}j> be a augmented differential graded algebra over the field Fp. The 
homology of the normalized Hochschild chain complex is called the Hochschild 

homology (with coefficients in A) of (A, gU) and is denoted by HH*A. Let X be a simply 
connected space. In 1987, J.D.S. Jones |10j constructed an isomorphism of graded vector 
spaces HH,N*X = H*(X sl ;¥ p ) , where X^ denotes the free loop space and N*X denotes 
singular cochains with coefficients in ¥ p . In view of this result, one may ask the following 
question: 

Does there exist a subcategory DA' of the category DA of differential graded algebras 
such that: 

(Q.l) for any connected space X, N*X is an object of DA' ; 

(Q.2) if A is an object of DA' then HH*A is an B p -unstable algebra, 

(Q.3) the Jones 'isomorphism is an homomorphism of A p -unstable algebras? 

Here B p denotes the large mod p-Steenrod algebra and A p = B p / (P° = id) denotes the 
usual mod p-Steenrod algebra. 

In this paper we give an affirmative answer to (Q.l) and (Q.3) and a partial answer 
to (Q.2). For this purpose we introduce the notion of n-shc algebra where n denotes the 
cyclic group of order a fixed prime p (1.6). More precisely we prove: 

Theorem A. Let p be a prime and A be the mod p reduction of a graded module over Z 
and denote by f3 the Bockstein homomorphism. If A is a ir-shc algebra over ¥ p then for any 
i£Z and any x G (HH*A) n there exist well defined homology classes Sq l (x) G (HH*A) n+l 



if p = 2 and P l (x) E (HH^A) n+2i ^-^if p>2 such that: Sq\x) = P^Iha) = 0,i^0 and 
a it \ 1 if i > n a fr nt \ f if 2i + e > n ,e = 0,1 

^ v y la;" 1 if i = n r v y I x p if n = 2i,e = 

Moreover these classes are natural with respect to homomorphisms of n-shc algebras and 
satisfy the Cartan formula. 

Theorem B. 

1) The algebra N*X is naturally a n-shc algebra. Moreover, any two natural structural 
maps defining a ir-shc structure on N*X are ir-homotopic. 

2) If X is 1-connected then, the Jones 'quasi-isomorphism £N*X — > C*(X S ) identifies 
the algebraic Steenrod operations, defined on HH*N*X by theorem A, with the topological 
Steenrod operations on H*(X S ;F P ). 

In §3 we develop the construction of a convenient model for a ir-shc algebra. But, at 
it can be easily imagined, explicit computations with this model are not very tractable in 
general (cf. Example 3.9). 

These two theorems are a generalization of theorem A and B, in 0. In fact, we 
proved that the Jones' homomorphism induces a commutative diagram 

N*X -i-> €N*X -A. BN*X 
II Jxi Hx 

N*X N*X sl ^ N*ttX 

where the horizontal arrows in the lower lines are induced from the canonical fibration 
VIX -> X 51 -> X and HJ X (resp. HJ X ) is an isomorphism of commutative graded algebras 
(resp. of commutative graded Hopf algebras). Now following the lines of the proof of 
theorem B and of 0|-II-§3 we obtain: 

Theorem C. If X is 1-connected then the homomorphisms, Hi, Hp, HJx and HJx 

respect Steenrod operations. 

The paper will be organized as follows: 
§ 1 - Proof of theorem A. 
§ 2 - Prof of theorem B 
§ 3 - 7r she model. 

Appendix A - Technicalities on she algebras. 
Appendix B - Equivariant acyclic model theorem. 

We would like to thank Katsuhiko Kuribayashi and Luc Menichi for helpfull conversations 
during the preparation of this paper. 



§1 Proof of theorem A. 

1.1 Preliminaries. Throughout the paper, p is a fixed prime, and we work over a field 
F p . If 7r is any finite group, the group ring ¥ p [tt] is a augmented algebra. If two 7r-linear 
maps / and g are 7r-linear homotopic we write / ~ w g. 

1.2. Algebraic Steenrood operations. The material involved in this section is contained 
in |13| . Let n = {1, r, r p_1 } be the cyclic group of order p. We identify r with the 



p-cycle (p, 1, 2, ...,p — 1) of 6 P thus ix acts on Let W ^ F p be a projective resolution 

of F p over F p [7r]: W = {Wj}j> , 9 : Wj — > , W = W p [tt] where each W { is a right 
projective 7r-module and d is 7r-linear. We choose a linear map rj : F p — > W such that 
e^oj) = «<i F Necessarily, such rj satisfies also rj o e w ~ ic^. 

Let A = {Ai} i( z Z be a differential graded algebra (not necessarily associative). We 
denote by (resp. (Hm)^) the iterated product ai <E> a 2 <8> ... <8> a p i— > ai(a 2 (...a p ))...) 

(resp. the iterated product induced on PA by rrS^). Assume that ir acts trivially on 
A and diagonally on W <g> A® p . If there exists a 7r-chain map such that the left hand 
diagram induces the right hand diagram which is commutative: 

W®A® P A H(W(g)A®P) PA 

77^(8) id t /m( p ) ^| / (Pm)^ 

then for any i 6 Z and any x G H n A there exist well defined homology classes 

{ffn+i A if n = 9 

such that: 

1) P*(1 H a) = 0,i^0, 

2) if p = 2, P*(x) = if i > n and P n (x) = x 2 , 

3) if p > 2, P^x) = if 2i > n and = x p if n = 2i, and = if 2i > n, 

4) If A is the mod p reduction of a free graded module over Z then (3 o P % ~ 1 = iP l if 
p = 2 and if p > 2 P* = (3 o P\ 

Moreover these classes do not depend on the choice of W neither on r], and are natural 
with respect to homomorphisms of algebras commuting with the structural maps 9. These 
algebraic Steenrod operations do not in general satisfy: P l {x) = if % < 0, P°(x) = x, the 
Cartan formula and the Adem relations. 

1.3 Cartan formula. Assume A 1 = ,i < 0. The structural map 9 : W®A® P — > A induces 
9 : A® p — > Hom(W, A) , 9(u)(w) = (-l)H \ w \6(w®u) , uea® p ,w G W . Let us precise that 

k 

if / G Hom fc (W, A) = H Rom(Wi, A k ~ l ) = Rom(W u A k ~ l ) then: Df = dof- {-iff o 9, 

i>0 i=0 

(af)(w) = f{wa), ff 6 f,w 6 f . A direct verification shows that Rom k (W, A) is a 
7r-complex and that 9 is a 7r-chain map. If ev o : Hom(W, A) — > A denotes the evaluation 
map on the generator cq = r](l) of Wo, the left hand diagram induces the right hand 
diagram which is commutative. 

A ®p _U Rom{W,A) (PA)® P H(Rom{W,A)) 

m (p) \ iev (Hm)W \ I% ) ■ 

A HA 
Let ip : W —> W ® W be a diagonal approximation and let m denotes the product in 
the algebra A. The formula fUg = mo(f®g)oip defines cup product Horn (W 7 , A) £g> 
Hom'(W; A) -> Hom fe+ '(W^, A) , /<g>0 h-> fUg and Hom(W / ", A) is (non associative) differential 
graded algebra. 

1.4 Proposition. Let (A,0) be as above. If we assume that H*9 respects products 
then the algebraic Steenrod operations defined by 9 satisfy the Cartan formula: P l (xy) = 
E j+k=i P j (x)P k (y), x,yeH*A. 



Proof. We consider the standard small free resolution of a finite cyclic group |J: the 
(right) 7r-free acyclic chain complex defined by: W = {Wi}j>o, Wi = ejF p [7r], d : Wi — > W^i 
and if r is a fixed generator of n then de 2i+ i = (1 + r)e 2i , de 2i = (1 + r + ... + r p_1 )e 2 i_i. 
The augmentation ew : W — > ¥ p is defined by e^(ej) = 0,z > and ew(e ) = 1. Let 
AA C be the subspace generated by the image of the diagonal map A : A — > t4® p 
a i — > a® p . Thus 7r acts trivially on the sub-algebra AA, and there exists a 7r-module 
M C A® p such that, H-Lemma 1.3, H(W® n A® p ) = (©^F^ ® AA) © (F p e ® M) . The 



algebraic Steenrod operations are defined by ([|T^]-Proposition 2.3): for x G H n A if p = 2 by. 



i*(x) = #*(e n _;©x® p ) := and if p is odd by , P\x) = (-l)V(n)^* (e (n _ 2 i)( P -i) ©£ 0p ), 

P i (a;) = (-l)V(n)6/*(e (n _ 2i)(p _ 1) _ 1 ®a;®P). Here i/(n) = (-1)'' ((V) 1 )' if ™ = 2 J+e, e = 0, 1 
and 9* denotes the map induced by 9 on H(W ©^ A® p ). A diagonal approximation is 
explicitely given by, f| -§31-Chap. XII: ipe^r 8 ) = ^(e^r 3 , ip{e 2i+1 ) = T,j+k=i e 2j ® e 2k+i + 
E j+ k=i £2j+i ® e^r^ 1 and ^(e 2i ) = E j+ k=i e 2 j ® e 2fc + Ej+*=i_i Eo<r< s<P e 2j+1 r- r © e 2fc+1 r- s . 
For simplicity, let us assume that p = 2. First observe that the restriction of 9 on A A C A 02 
factorizes through a map ^ : AA — > Hom n (W,A) where Hom 7r (W / , A) denotes the sub- 
complex of 7r-linear maps. Secondly, note that H*(B.om n (W, A)) = H*(Hom n (W, H*A)) 
and that the map H*9 factorizes through a map (H*9) n : K C\ kerd — > Hom 7r (W / , /TM.). 
Let us denote by j : Hom 7r (IV, A) — > Hom(W / , A) the natural inclusion of complexes. 
By definition, if x G ifM and a denotes any cocycle such that x = cl(a): Sq l x = 
H*j o ((F*^),(a® 2 ))(e„_ l ) = cl(9(a® 2 )(e n _ t )) . If y = cl(b) G H rn A then: 
Sq l (xy) = cl (e(ab © a6)(e„ +m _;)J = cl (0{{a © a)(b © 6))(e n+m _j)j 

= c/ ((0(a «) a) U 0(6 © 6))(e n+m _ l )) = cl 0(a © a)(e,)0(6 © 6)(e m+n _ i _ i r^)) 

= E"=o m_i cZ (0(a © a)( ej )) d (0(6 © 6)(e m+n _ i _ i )) = Sq n ^xSq~ Mk y 
= E j+ k=i Sq j xSq k y. 

1.5. The differential graded algebra <t+(A). The bar and the cobar construction can be 
regarded as a pair of adjoint functors B : DA <-> A/"-DC : Q , where DA is the category 
of suplemented differential graded associative algebras and Af-DC is the category of locally 
conilpotent supplemented graded coassociative coalgebras. (See for instance, 0-2.14 for 
more details.) This leads to a natural homomorphism a a '■ QBA — > A of differential 
graded algebras. The elements of BA (resp. QC) are denoted [ai|a 2 |...|<2fc] G B k A , and 
[] := 1 G B A = W p (resp. < c 1 \c 2 \...\c k >G Vt k A , and < >:= 1 G Q A = ¥ p ). We remind the 
reader that the linear map %a '■ A = ¥ p © A — > VLB A, za(1) = 1 and iA{ a ) — s~ 1 sa =< 
[a] > , a G A , commutes with the differentials and satisfies: a a ° %a = id, ia° o>a — idciBA- 
Recall also that the Hochschild complex of A, is the graded vector space £*A = 
{<£fc^4}fc>o, CfcA = A © B k A , where a generator of € k A is of the form ao[ai|a 2 |...|afc] if 
k > and a[] if k — 0. We set e, = |a | + |sai| + |sa 2 | + ... + |sa^_i|, i > 1 and define the 
differential d = ci 1 + <i 2 by: 

d 1 a [a 1 \a 2 \...\a k \ = da [a 1 \a 2 \...\a k \ - Ei=i(-l)^ a o[ a i|---M a i|---l a fc] 
d 2 a [a 1 \a 2 \...\a k \ = (-l) |aol a ai[ci 2 |...|afc] + E!L 2 (-l) ei «o[ai|...|ai_iai|...|a fc ] 

-(_l)l««*Na fc ao[a 1 |...|a fc _i] 
Henceforth we shall discard the lower star in <Z*A and write €.A. The associatavity of 
the algebra A is necessary to prove that d o d = in BA as well as in <tA and if A is 
commutative then BA (resp. €.A) is a differential graded Hopf algebra (resp. a differential 
graded algebra.) Since we are interested to the case A = N*(X), and since this differential 



graded algebra is not commutative but only strongly homotopy commutative (a she algebra 



for short), [15], it seems natural for our purpose, to consider she algebra in order to 
define a product on €A. 

A she algebra is a pair (A, p) such that p : QB(A® 2 )-^QBA is a homomorphism 
of differential graded algebras where aopj^ = rriA (wa denotes the product in A). 
Moreover, p satisfies the unity axiom, the associativity axiom and the commutativity axiom 
as described in jOJ-4.1. Recall that two homomorphisms of differential graded algebras 
f,g : A —> A' are homotopic (we write / ~da g, even if A and A' are not associative) if 
there exists a (/, g)-derivation h such that / — g = dh + hd. Let (A, d, p) and (A', d', p 1 ) 
be two she algebras. A strict she homomorphism f : (A,d,p) — > (A',d',p') is a morphism 
/ G DA(A, A') such that SlBf o ^ ~ DA // o OB(/ ® /). 

The chain map £(a^) is surjective and ifc(au) = HH*(oia) is an isomorphism. We 
denote by sa '■ £A — > <£fi£M any chain map such that £(a^) o = zci and o ^(a;^) ~ id. 
When (A, p) is a s/ic algebra a product m C A '■ £A <8> £A — > CA is defined by the composite 

<LA <g> <£A 4 c(A ® A) ^ ens (A ® A) eftSA ^ £A 
where s/t denotes the shufle product, 0. More precisely, we proved: If A is a she algebra 
then 

1 ) BA is a differential graded Hopf algebra such that HBA is a commutative graded 
Hopf algebra, 

2) £A is a (non associative) differential graded algebra such that HH*(A) := HcA is a 
commutative graded algebra, 

3) If A' is an other she algebra and if f is a homomorphism of she algebras then there 
is a commutative diagram 

A -U €A BA 
fi C/i i IBf 
A' <lA' -*U BA' 

where the maps i, if , p, p' and €f are homomophisms of differential graded algebras, Bf 
is a homomorphism of differential graded Hopf algebras. 

If A is a she algebra and if p = 2, then both Sq n and Sg n_1 are determined on 



H n A, (@-6.6 or @-4.8), while Sq n ~ 2 is not determined on (HH*A) n , (cf. Example 3.8). 



Therefore, we need to enrich the notion of she algebra. 

1.6 n-shc algebra. Let (A,d,p) be a she algebra. For any n > 2, by Lemma A. 3, there 
exists a homomorphism of differential graded algebras, called the she iterated structural 
map yu (n) : QB (A®' 11 ) — > VLB A such that: /i (2) = p and a a ° /i (n) ° U®« — m A ^ Let W, ip as 
in 1.3. 

A she algebra (A, p) is, a n-shc algebra if there exits a map : QB(A® P ) — ► Horn (H 7 , A) 
which is both a 7r-linear map and a homomorphism of differential graded algebras such 
that the next diagram commutes, up to a derivation homotopy. 

QB(A®p) Hom(W, A) 

A 

Here cr G 6 P acts on 5(A lX,p ) by the rule a[xi|x2|...|a;fc] = [crxi|o"X2|...|o"Xfc] , X{ G A 0p 
and on VLB(A® P ) by the rule a G 7r , cr < yi|y 2 | — |yj >=< cyilc^l — lo'yj > , Vj e fi(A® p ). 
A stn'ct n-shc homomorphism f : (A,/i^, k^) — > (A', /i^/, k^/) is a strict s/ic homomor- 



phism satisfying ka> o QB(f® p ) ^-da Hom(W, /) o R A . 

If (A, /i, ka) is a Tt-shc algebra then the next diagram commutes, up to a 7r-linear 
homotopy: 

QB (A® p ) Rom{W,A) 
oia®p I I ev o , 

and the Steenrod operations, defined for x = cl(a) G H n A by : Sq l (x) = cl(k(i A <g>2(a® 2 ))(e„_j)) 
if p = 2 and by P l (x) = (— l)V(n)d(ft;(i J 4®p(a (g,p ))(e( n _ 2 j)(p_i))) if p > 2, satisfy the Cartan 
formula (see Proof of 1.4 for notations). 

In order to construct Steenrod operations on &{A) we need to compare Hom(W, ZA) 
and £Hom(W, A). But this last expression is not defined unless Hom(W, A) is associative. 
If p 2, the diagonal approximation considered in the proof of Proposition 1.4 is not 
coassociative. Thus, for p odd, we will consider the standard resolution of a finite cyclic 
group 7T, [|T|. The Alexander- Whitney diagonal approximation ipw, admits the counity 



e and is strictly coassociative. 

1.7. Proposition. If A is a differential graded algebra and if (W,ipw) is a coassaciative 
coalgebra then there exists a natural chain map 4>a such that the following diagram commutes 

€Rom(W,A) Hom(W,(L4) 
£ev \ / ev 

€A 

Moreover, <ft is -n-linear (tc acts trivially on B = A , €A, diagonally on Hom(W, B) ). 

Proof. We define <p A by:^(/o[]) = fo and if k > by MMh\M-\fk]) = (id ® 
s ® fe ) (/o ® /i ® A ® •■■ ® fk) ° ipw where ipyy denotes the iterated diagonal: ipyy = ipw, 
ipw +1 ^ = ® ipw) ° tpw anc ^ s : A ^ sA denotes the suspension of degrees. Obviously, 
4>a is natural in A. Let us check in detail that <pA commutes with the differentials. ( 
denotes the cycle (1, .., k) — > (k, 1, k — 1)) 
Md 1 (/o[/i|/ 2 |...|/ fe ])) 

= 0a (W1I/2I-IA] - Eii(-i) e 7o[AI-M/il-l/ fc ]) 

= (id ® s® k ) (dfo ® /i ® h ® - ® /* - Eti(-l) £l /o ® /i ® ... ® dfi ® ... ® / fc ) o 
= {id ® s® k ) {{d A o / - (-l)IAI/ o 9) ® A ® / a ® ... ® /* 

- Eti(-l) £l /o ® /i ® ® (d A o / f - (-l) l/l| / 4 o d) ® ... ® /*) o 



(id ® s® k ) ((d A ®id-id® d A m) o (/ ® f\® f 2 ® ■■■ ® fk) ° 



IV 



_(_l)l/o]+|/i|+.-+|/i,|+fc( i d s ®*) o (/ (gl/i® ... <g> /< ® ... ® o cW) o ^ 

= d^ o ^((/ [/i|/ 2 |...|/ fc ]) - (-l)*M(/o[/i|/a|-IM) ° ^ 
MdVo[fx\f2\-\fk})) = <Pa ((-i) l/ol (/o u /i)[/ 2 |-IM + Et 2 (-i) £ 7o[/i|-l/ 4 u U\...\fk 

+(-l)W^(/ fc U/o)[/ 1 |...|/*_i]) 
= (id ® s^ 1 ) o ((_l)l/ol( mA o (A ® f x ) o ^) o (/ a ® ... ® f k }) 



+ Ef =2 (-l) e 7o[/i|...|mA o (fr ® fi) o + 

= (id <g> s®* -1 ) o ((m A ® id + Ej= 2 ( -1 ) < ^ ® m A ® id + (-l) fc+1 (m A <g> id) o a k \ 
o(l ® a®*)" 1 o A ((/o[Al/a|--.|/*])) 

= 4aM/o[/iI/2|-IM)- 

Observe that we need also the coassociativity property of the coproduct ipw in the proof 
of the second equality. It is straightforward to check that the remaining claims in 1.7 
hold. 

1.8 End of the proof of Theorem A. One also define, for n > 3, (ki, k 2 , ■■■k n ) -shuffles, the 
n-iterated shuffle map sh^ : (eA)® B -> £(A® n ) and the iterated product mjfj : -> CA: 

€A ®p s ^ <L(A®p) S ^ P £QB(A®p) ^ £QBA ^ £A , (compare with 1.5). 
Consider (f>A as defined above, then applying the functor € to the diagram that appear 
in the definition of a ir-shc algebra (1.6), we obtain the following diagram: 

COB(A®p) * A -^ A Hom(W,eA) 
£(a A ®p) I 

£{A® P ) | ev 

sh® T 

Since et>o o Ra —da a a ° Lemma A. 6 implies that ei>o ° 0a ° — Now observe 

that in the sequence £QB(A®p) €( ^ p) £(A® p ) (cAf p of chain maps: 

a) l(a A ®p) is 7r-linear. Indeed a G & p acts on £(A® P ) (resp. on £QB(A® P ) by the rule 
a(xo[x 1 \x 2 \...\x k ]) = ax [ax 1 \ax 2 \...\ax k ] , x { G A® p (resp. a* G VtBA® p ). Then, CJIB^ 8 *) 
and C(y4® p ) are S p -complexes, a^^ and thus €a A <a P are 6 p -linear. 

b) s/i^ is also 6 p -linear. Indeed, one simply writes: s/i^(ag[a];|a2l---|^ 1 ](S>ao[ a il---l a n2] < ^ ) 
... <g> ag[oi...|oy) = {al®al ® ... ® a p ) Ea^[a\ ® 1 ® 1- ® ® 1 ® 1- ® 1|1 ® af ® 1 ® 
1... ® 1|...|1 ® 1 <E> 1... <E> 1 ® af |...|1 ® 1 (g> 1... <8> 1 <E> a£ ] where a ranges over all (n 1; n 2 , n p )- 
shuffles and observe that the set of all (jix, n 2 , n p )-shuffles coincides with the set of all 
(A(ni), A(n 2 ), A(n p ))-shuffles when A G 6 p . 

c) £(oia®v) is a homomorphism of differential graded algebras. This follows directly 
from F4, F6 and F8. 

From, properties a), b), c) and following the lines of the proof on |H| -Proposition 2.3, 
(sketched in the proof of Proposition 1.4), using the section sa®p, this diagram defines 
natural Steenrod operations on HH*(A). In order to establish the Cartan formula it is 
enough, by Proposition 1.4, to prove that H*Ra respects products. This is Lemma A. 5. 
Naturality follows directly from Lemma A. 6. 

§2 - Proof of theorem B. 

2.1 Twisting cochains. In ||15||-4.7, H.J. Munkholm has established the existence of a 
natural transformation fix '■ £IB(N*X <E> N*X) — > QBN*X such that c*n*x ° fix ° iN*x®N*x 
is the usual cup product N*X <g> N*X — > N*X. Moreover, (N*X,^ X ) is a s/ic-algebra. 
Let us denote by y$ : VLB ((N*X)® P ) -> VlBN*X the iterated she structural map and by 



t x the twisting cochain associated to a N * x °t*x ■ f x e Horn 1 (B ((N*X)® P ) , N*X) ,tUt = 
Dt , t(x)(e ) = jtt(< x >),x G 5iV*Jf , t([]) = where D denotes the differential in 



Horn (B ({N*X)® P ) , N*X) (See ]T5[-1.8 for more details on twisting cochains). We want to 
construct a twisting cochain t' x G Horn 1 (B ((N*X)® P ) , Hom(W, N*X)) ,t'Ut' = D't' such 
that: evoot' x = t x , t' x is natural in X and t' x is 7r-linear. (Here D' denotes the differential 
in Horn (B ((N*X)® P ) , Hom(H / , N*X)).) Such a twisting cochain t' x will determine a 
homomorphism of differential graded algebras k x : VtB(N*X)® p — > Hom(H / , N*X) such 
that (N*X, fi x ,k x ) is a n-shc algebra. Moreover, by Corollary B.4, is well determined 
up to a 7r-linear homotopy, and so the first part of theorem B will be proved. 

2.2 Proof of part 1. We construct t' by induction on the degree in W = {Wj}j>o and 
on the bar degree: B((N*X)® p ) = {B k ((N* X)® p )} k>l . We denote by A the coproduct in 
B((N*X)®p). For simplicity, if x G B k (N*X® p ) we write Ax = 1®x + x®1+Ai = x'®x" 
where As G ®v +v > =k B v ((N*X)® P ) ® £,„ ((N*X)® P ) with /' (resp Z") such that < V < k 
(resp. < I" < k). 

First, if e denotes a generator of W^o, we define t' on VFq ® B ((N*X)® p ) by setting: 
(*o) t'(x)(e cr) = t(a~ l x) a G tt_ , x G B k N*X . 
t' is a 7r-linear map, that is: if cr G 7T and x G B(N*X)® p then t'(ax) = a(t'(x)). It suffices 
to prove this last formula for the elements eoT- 7 in W^: 

K(x))(e ^) = t'OrXeorV- 1 ) = t'(x) (e H^TT 1 ) 

= t\a^)- l x)(e Q ) = t' ((^')~Vx)(e ) = t'(ax)(e ^). 
Precise that tt acts diagonally on B(N*X)® P ® B(N*X)® P and on H 7 ® H 7 and that A 
(resp. t/>) are 7r-linear. We check in detail that: D't\x){w) = (t' U if)(x)(w), w G Woj 
x G B(N*X)® p . Once again, it suffices to prove this formula for the elements e§o G Wq\ 
D't'(x)(e a) = Dt'(x)(eQ(j) + t'(dx)(e a) = d(t'(x)(e a)) + t'(x)(de a) - t'(dx)(e a) 
= d{t{a- l x)) + t{a- l dx) = {Dt^a^x) = (t U tXcx^x) 
= (m N * x o (t ® t) o A) (ct^x) = m N * x o (t ® t)(<7 -1 Aa;) 
= (tV~V)(eo) (g) ('(tr-VOCeo)) = mjv*x (t'(z')(e <r) ® t'(x")(e a)) 

= K-x ° (*' ® O o A) (x)(if>(eo<r)) = (f U t')(x){e a) . 
Secondly, for an arbitrary generator G Wj, i > 1 and for [x] G _Bi((iV*X)® p ), we define 

t'(W)(e^) = L lv s lf X f E \ k , where V k = wf^- 1 <g> A^*X <g> F^" fc and A 
I A(<T x)(ei) if not p p 

is a natural 7r-linear transformation of degree such that the following diagram commutes 

up to homotopy 

(N*X)® P ^ Hom(W, N*X) 

m%\ x \ | ev 

N*X. 

Such a transformation exists for Corollary B.4 applies. Observe that if w G W-i and 
x G ((N*X)® P ) then (d N * x (\ x (x)) - X x (dx) ) (to) = (-l) |x| A(x)(<9w) . JThe formula fa) 
defines a 7r-linear map f : Si ((A^*X)® P ) — > Hom(H / , N*X) and since A[x] = it follows 
that Dt'{[x\) = = {if U t') [x] , [x] G ^ ((iV*X) 0p ) . 



Thirdly, we assume that, for some k > 1, there is a 7r-linear map £' : 5<fc ((A/"*X)® p ) — > 
Hom(H/,A^*X), which extends to a 7r-linear map t' : B k ((N*X)® P ) -> H om(W<j, jV*X) , 
for some i > 1 and satisfying D't'(y) = (t'Ut')(2/)> 2/ e 5 <A . ((iV*X)®P). Let d x be the 
internal part of the differential in the bar construction d = d\ + d%. The contravariant 



functor X i— > FX = (F p © s'-B* ((N*X)®p) ,d) where d(V?/) = sVfy , y G £ fc ((iV*X)® p ) is 
acyclic on the models {A n } n > . We define the natural transformation: % x '■ FX — > 
X*X, y h- 2^(y) = (f U 0(?/)(e<) " (—1)^1^(2/) (^) - t'^y^e,). (The inductive 
hypothesis ensures us that %, x {y) is we U defined.) Let us check in detail that DT iX = 
when D denotes the differential in Hom(FX, N*X). Observe that, for any generator 
of Wi and if y G -FX, the inductive hypothesis implies : (D't')(y)(dei) = (t' Ut')(dei) and 
(D't r )(d 2 y)(ei) = (f Ut')(d 2 y)(ei). Thus we obtain: 
{p%, x ) (y) = d N * x ((t' U t')(y)( ei ) - (-l)\y\(D't')(y)(d ei ) 

+ (-lf(y)\ t '(y)(d 2 e t ) + (-l)\m\ t >(( dl + d 2 ))(y))(de t ) 
-((D't')(d 2 y)( ei ) + (-lf( D ^t'(d 2 y)(d ei ) + (-l)"V((di + d 2 )(rf 2 )y)(e i )) 
- ((*' U t'^dMei) - (-1)^+H'(d 1 y)(de i ) - f(D 2 D l y)(e i )) 
= D'{t'Ut'){y)(ef) + {-l)\y\{t'{d 1 + d 2 )(y)(de l ) - if {d x {y)){dei) - t' {d 2 y)){de i )) 
+{t'{d l o d 2 {y)){ ei ) + f(<*2 o rf 1 (y))(e i )) . 
Now (jDT iX j (y) = 0, since each line in the last equality is 0. 

Theorem B.4, establishes the existence of a natutal transformation Si tX : FX — > N*X 
such that D'Six = r %x that is: if z G FX then 7J,x(«) = dS iiX (z) - (-l) ls ^ xl d 1 z . We 
set for y G B\. ((X*X)® P ), if{y){eia) = Si tX (a~ 1 y) . This formula defines a 7r-linear map 
t' : B k {{N*X)®p) -> Hom(W< i+ i,iV*X) . It remains to check that £>'*' = t' U t'. Let be 
any generator of Wi and y G -FX, 

(tfUOG/XeO =% iX {s i y) + {-l)\vH'{y){de i )+t'{d 2 y){e i ) 

= dS hX (s l y) - (i) Si > xl S i}X (s%y) + (-l)W(y)(dei) +t r (d 2 y)(e i ) 
= d(f(y){ei)) + t'(d 1 + d 2 )(y))(e t ) + (-l)Mf (j,)^) 

= (W)(v)fe)- 

We have thus constructed a twisting cochain G Horn 1 (B ((X*X)® P ) , Hom(M/, N*X)) 
such that i x is natural in X and £ x is 7r-linear. 

2.3 Proof of part 2. Recall the notation introduced in [[|-Part II-§3. In particular, 
consider the simplicial model K of S , and the cosimplicial space X defined as X(n) = 
Map(K(n), X) whose geometric realization ||X|| is homemorphic to X 5 . Moreover, there 
is a natural equivalence ip x : TotC*X_ — >N* | |X 1 1 , where TotC*X_ denotes the total complex 
of the simplicial complex C*X_. On the other hand, J. Jones, [|II|]-6.3, has proved that 
there is natural chain map 6 x : €N*X — > TotC*X_ such that, if X is 1-connected, the 
composite J x = ip x o 9 X induces an isomorphism HH*N*X = H*X S . We obtain the 
following diagram in the category of 7r-differential graded modules: 

<t(ttB(N*X)®P) ^ x Hom(^,e:X*X) 

)i |Hom(^,^o^) 
£((X*X)® P ) Hom(W,X*||X||) 
sh^ t T fx 

(£N*X)® P ^4 (N*\\X\\)® P 
where T x denotes any natural structural map defining the usual Steenrood operations, [|13]| . 
The functor X i— > c((X*X)® p ) preserves the units and is acyclic and the functor X i— > 
Hom(W, N*\ |X||) is corepresentable on the models A4, (see 0-II-lemma 3.9) . Therefore, 
by Corollary B.4, there exists a 7r-linear natural transformation T x : C((X*X) (glp ) — > 
Hom(W / ",X*||X||) such that T x o to (iV * x) ® P ^ Hom(W, 0* o ^x) ° 4> ° €k x and T x o S h^ ~ n 



fx ° 4>x P - Consequently, the second part of theorem B is proved. 

§3 TT-shc models. 

We continue the study of the homotopy category of ir-shc algebras by constructing 
a convenient model of these algebras. As it would be expected this model is rather 
complicated. Nevertheless, in the topological case, it provides a theoretical object simpler 
than the singular cochain algebra. 

3.1 Minimal algebra. Let V = {V*}j>i be a graded vector space and let TV denotes the 
free graded algebra generated by V: T r V = V ©V © ...®V (r-times) and ViV 2 ...Vk G (TV) n 
if YjI=i \ v i\ — n - The differential d on TV is the unique degree 1 derivation on TV 
defined by a given linear map V — ► TV and such that dy o dy = 0. The differential 
dy : TV — > TV decomposes as d — d + d\ + .... with d&V C T k+1 V . In particular (V, d ) is 
a differential graded vector space. If we assume that V 1 = and d — then (TV, dy) is 
a called a 1-connected minimal algebra. For any differential graded algebra (TU, du) such 
that H°(TU,du) = ¥ p and if^Tt/, dj/) = there exists a sequence of homomorphisms of 
differential graded algebras, 

(TU,du)^(TV,d v )^(TU,du) 
where (TV, dy) denotes a 1-connected minimal algebra, py o ip v = id, ipy o p v ~ DA id and 
V such that V = H(U,du,o)- Moreover, 0, [0, (TV, dy) is unique up to isomorphisms. 

3.2 Minimal model of a product. Assume that (A, d A ) is a differential graded algebra 
such that H°(A,d A ) = ¥ p and H\A,d A ) = 0, and let (TU[n],d u[n] ) = Vl((BA)® n ), n > 1. 
By the discussion above, for each n > 1, we obtain a sequences: 

(Tt /[n],d t/[w] ) = ((Bi4)°») V (TV[n], d v[n] ) V (TU[n), d u[n] ) 

with V[n] = s" 1 (H ((BA)® n )) S s- 1 = s" 1 ((F p © sVf n ) 

= (0Li ( (Vpf^ 1 © V © (¥ p f n ~ k )) © ... © s- 1 (sV © sV © ... © sV). 

For n = 1, V[l] = V = s^ 1 H(BA) and the composite ipy = a A ° '■ (TV,dy) — > A is 
a quasi-isomorphism. The algebra (TV, dy) is called the 1-connected minimal model of A. 

For n > 2, consider the homomorphism gy[ n ] : (TV[n],dy[ n ]) — >■ (TV, dy) ™ defined by 
gy [n] (y) = l® fc - x © y © if y G V fe := F®^ 1 © V © ¥® n ~ k , k = 1,2, ...,n et gy N (y) = 

if y G V[n] -0"=iV. The composite (TV[n\, d v[n] ) ^ (TV,dy)® n (A,d A ) 0n ) is a 

quasi-isomorphism (0-6.5). Therefore (TV[n], dyr n i) is the minimal model of A® n . 

3.3 Lemma. (Equivariant lifting lemma.) Let it any finite group and consider 

i) a graded free ir-module, U = {U l }i>2, 

ii) a minimal model, (TU,d), with it acting by the rule a ■ u1U2--.Uk = au±...auk, so that 
(TU, d) is a n-complex, 

Hi) two differential graded algebras, A and B, which are also tt -complexes, 

iv) a homomorphism of differential graded algebras, f : (TU,d) — > B, which is ir- 
equivariant, 

v) a sujective quasi-isomorphism, <p : A — ► B , of differential graded algebras which is 
7r -equivariant. 



Then there exists a homomorphism of differential graded algebras g : (TU, d) — > B which is 
TT-equivariant and such that ip o g = f. 



Proof. We choose a homogeneous linear basis {ui} i€ j of the 7r-free graded module U 
with / a well-ordered set. We denote by the sub-7r-module generated by the elements 
Ui, j < i. The minimality condition together with the 1-connectivity condition imply 
that dui G T(i7<j). Suppose that g : (T(Z7<j),d) — > B has been constructed so that g is 
7r-equivariant and <pog = f. Then g(dui) G Bd Ker ds and (pog(dui) — Therefore 
there exists bi <E B such that g(du%) = dsh. Moreover, d A f(v,i) = <i^</?6j. For a G n, we 
set g(aui) = cr(bi + 2*), and we check that <p o g(aUi) = f(crUi) and dg(aui) = g(daui). 

3.4 7r-s/ic-minimal model. For any integer n > 1 the group & n acts on V[n] C 
s^ 1 (H(BA))® n . This action extends diagonally on TV"[n] so that the differential dv[ n ] 
and the homomorphism (ipv)® n ° 9v[n] are S n -linear. Since the natural map a^®™ is 
a 6 n -equivariant surjective quasi-isomorphism, Lemma 3.3 implies that the composite 
(ipy)® p '° Qv[n] lifts to a homomorphism of differential graded algebras L : TV[n] — > VtB(A® n ) 
which is 6 n -equivariant and a^gm o L = (ipy)® n ° Qv\n\- Let (A, cZ^^a) be an augmented 
she algebra and assume that H°(A, d^) = F p and that H 1 (A,dA) = 0. The composite, 
tffi := Pv ° I^a 71 ) ° L '■ (TV[n\, dv[ n ]) ~^ (T(V),dy) is a homomorphism of differential graded 
algebras. If n = 2, jjLy 1 := fiy '■ (T(V[2\), dv[2]) — ► (TV,d). The triple (TV,dy,/jy) is called 
a she-minimal model for (A,dA,HA) (See |J-I-§6 for more details.) 

Let (A, dAi Ha, &a) be a n-shc algebra such that H°A = ¥ P and H l A = 0. By Lemma 
3.3, Ra°L lifts to a 7r-equivariant homomorphism of algebras ka '■ TV\p\ — > Hom(W / , VLB A). 
Since ir is assumed to act trivially on TV the composite Ry = Hom(W,py) o R A : TV\p] — > 
Hom(W, TV) is a 7i~-equivariant map and we obtain the commutative diagram: 

QB(A® P ) Rom{W, A) 



L 



Rom(W, a a) 



(TV[p],d v[p] ) ^ Rom(W, VlBA) 

Ry \ Hom(W,p v ) 
Rom(W, TV) . 

The triple (TV, dy , \iy , Ky) is called a n-shc minimal model for the n-shc algebra 
(A,d A ,iJ, A ,K A ). 

3.5. Proposition. Let (A,dA, Ha,^a) and (TV,dy, [iy,Ry) be as above then: 

1) (TV, dy , fiy , Ky) is a Ti-shc algebra, 

2) ipy : (TV,d) — > A is a strict ir-shc homomorphism and a quasi-isomorphism, 

3) the canonical maps (TV,d v ) €(TV,d v ) B(TV,d v ) respect the Steenrood 
operation in homology. 

4 ) the quasi-isomorphism ipy : (TV, dy) — > (A, d^) induces a commutative diagram 

(TV,dy) ^€ (TV,dy)^ B(TV,dy) 

</V I I £?/V I B^y 

(A,d A ) ^£ (A,d A )^ B(A,d A ) 
in which all vertical arrows induce isomomorphisms in homomology which respect the 
Steenrod operations. 



Proof. From the definition of Ry, we deduce that evo ° ky —da fly- This implies 
that (TV, fiy,Ky) is a ft-shc algebra. Since py ° (pv — id TV , fy ° Pv —da idriBA then 
Hom(W, 4>v) ° — tt-da Indeed, it is straighforward to check that if tt acts trivially 
on A and A' and if f,g:A—*A f are homotopic in DA, then Hom(TV, /) and Hom(W, g) 
are 7r-homotopic in DA. It remains to show that ipy is a homomorphism ir-shc algebras. 
This follows directly from the commutativity up to tt- homotopy in DA of the diagram 

tt((BA)® p ) Rom{W,A) 
L t T Hom(W, V>y) 

TV\p] Hom(W / , TV") . 

3.6. Proposition. Lei (A, d A , Ha, ^a) and (TV, dy, Hv, k*v) be as above. Assume p = 2 
and set V = V[2], V = V © ¥ p , V" = ¥ p © V and V"#V" = s _1 (sV <8> sV) ; so toat: 
V- = y' © V" © V"#V" .. // k : OB(A © A) -> Hom(W, A) satisfies: 

(★) «(([a © 6])) =0 i/ [a ® 6] G © A) and e A (a) = or ex(&) = , 
t/ien, /or any t> G V n fl kerdy, Sq l (cl(v)) = Ky(n#n)(e n _j_i) . 

Observe that if A = N*X, condition (*) is satisfied (see 2.2, (*i)). 

Proof. Define K A : ft(£M <g> £?A) -> OBA © VLB A as follows: we write Q(BA © £?A) = 
(T(s- 1 ( J B + A®Fp)©s- 1 (Fp® J B + A)©s- 1 ( J B + A® J B+A)),TJ) and we set ^(s" 1 ^!-!^]® 1 ) = 
s _1 [ai|...|aj] ® 1, 1*0.(1 © s _1 [ai|...|ai]) = 1 © s —1 [a. x | . . . J 0,^] , ir A (s _1 ([ai|...|a i ] © = 
0,i,j > 0. One easily check (0-1-6.4 ) that fCi commutes with the differentials. 
Since, (otA <8> cca) ° i^A = oca®a ° ^s/i, the homomorphism K A is a surjective quasi- 
isomorphism. The map S : W ® n (A® A) — ► W ® n VL(BA® BA) defined by S(e <g) a®b) = 
e © ([a] © © [6]) and if i > by Sfe © a © 6) = e % © ([a] © 1) (1 © [6]) + e^ x © ([&] © [a]) 
satisfies: id^ © (a^ © a^) ° ^diy ® 1Q o S = idw<s>A<$>A and Sd = dS*. As in 1.6, we deduce: 
Sq l x = cl(k(i A <s2(a © a))(e n _j)) = c/(ft(e n _j <8> 2 A ®2(a ® a))) = cl(K/^(e n ^i © i^®2(a © a))) 

= cl(K/ n (((id ® fis/i) o 5)(e n _j © £402(0 ® a)))) 

© ([a © 1]}.([1 © a]))) + d(/c /7r (e n _i_i © fis/i(([a] © [a])))) 

= d(/c(fis/i(([a] © [a])))(e n _i_i)) . _ 
The last equality comes from the condition (*) and the fact that Qsh is 7r-linear. 

Now observe that (p v : T(V © V" © V'#V") -> T( S - 1 Bi © identifies 1/ G V with 
[a] © 1, v" G V" with 1 © [a] and n'#n" G V'#SP with ([a] © [a]). Thus if n G V n D A;erd y 
and x = c/(n) then ff^y Sq l (cl(v)) = cl(k(Qsh o tp v (v'#v"))). The formula now follows 
from the definition of £y. 

3.7 s/ic-equivalence. Two she algebras (resp. 7r-shc algebras) A and A' are she equivalent, 
A ~shc A' (resp. n-shc equivalent, A ~ n - s h c A') if there exists a sequence of strict she 

(resp. TT-shc) homomorphism A A\ — * — > A' inducing isomorphisms in homology. If 

A ~ n - s hc A', then H(A) = H(A'), and A, A' have the same n-shc minimal model. Two 
spaces X and Y are she equivalent (resp. TT-shc equivalent) if the differential graded 
algebras N*X and N*Y are she equivalent (resp. n-shc equivalent). 

3.8. Example. We exhibit two spaces X and Y which are she equivalent but not 
7T-shc equivalent. Let us consider X = S 2 CP 2 and Y = S 4 V S 6 . The spaces X and 
Y have the same Adams-Hilton model namely (T(x3, X5), 0). This shows, in particular, 
that H*QX = H*QY, as graded Hopf algebras, and that X and Y are F2-formal. 



Furthermore, H* = H*X = F2CI4 © F2CI6 — H*Y as graded algebras (with trivial products). 
Hence X and Y have the same minimal model say (TV, dy) with V = s^H+VtX = 
s^ 1 T + (x 3 ,x 5 ), dys~ x x^ = dys _1 x 5 = 0. The map if) : (TV,d v ) — > H* defined by ^(s _1 x 3 ) = 
04, if)(s~ l x§) = a?, and if) = on s^ 1 T- 2 (x3, x§) is a surjective quasi-isomorphism. Let 
(TV, dy, H\, Ki) (resp. (TV, dy, /^ 2 , Kz) be a n-shc minimal model of X (resp. F), then for 
i — 1,2 /ij : (TV, c?^) — > (TV, dy) identifies the two copies of V. Moreover, |«i(x#?/)| > 6 
for any x,y aV . Therefore if) o ^(xfty) = 0. This yields the commutative diagram 



TV T ^ H*®H* ^ v TV 

TV ^ H* ^- TV 
This proves that X and Y are s/ic equivalent. Now we prove that X and Y are not 
7T-shc equivalent. Recall that if 6 iJ 4 £ 2 CP 2 then Sg 2 while if a 4 G # 4 (S 4 V S 6 ) 

then Sq 2 a^ = 0. Thus, by Proposition 3.6, h\(a^a^)(ei) = a 6 while ^2(04^04) (ei) = 0. 
Now «i, k 2 are not 7r-homotopic, and hence X and Y are not n-shc equivalent. 

3.9. Example. We compute the Steenrod operations on HH*A when A = F 2 [m] = T(u), 
\u\ = 2. 

First, recall that, endowed with the shuffle product, €T(u) ^> <i(T(u) <g T(u)) ^ 
€T(u), the complex €T(u) is a commutative differential graded algebra. We consider 
the homomorphism of differential graded algebras p : (T(u) <8> Asm, 0) — > <£T(u) defined 



by p(w (g 1) = m[], p(l (g sw) = l[w]. As proved in [ I Jj -Proposition 3.1.2, p is a quasi- 
isomorphism of differential graded algebras. In particular, T(u) <g Asm = HH*T(u) as 
commutative graded algebras. 

Secondly, we define a structure of ir-shc algebra on T(u). Let V = MF2 and set 
V = u'¥ 2 @u"¥ 2 ®u'#u"¥ 2 . We define re : T(V r ) -> Hom(W,T(u)) by /c(u')(ei) = re(u')(e;T) = 
re(w")(ej) = /«(«") (ej-r) = m if z = and = if i > and k(u'#u")(ei) = k(u'#u")(eir) = u 
if i — 1, = if i > 0. As in the proof of Proposition 3.6, re defines the Steenrod operations 
on HT(u) = T(u): Sq°(u) = u, Sq 2 = u 2 and Sq l u = if i 7^ 0,2. By Proposition 3.6 one 
deduces that re is the unique n-shc structural map on T(u) with the Steenrod operations 
defined above. 

Now in order to compute the Steenrod operations on HH^T^) we consider the 
structural map 6 = o Cre : £ (Tv) — > Hom(H / , <£T(u)), and a linear section 5 of 2g?vk ® 

£g y : W ®t £(TV) -> W ®,r C(T(m) <g T(m)). Then Steenrod operations are defined by: 
Sq { (x) = cl(6(S o (id w <g s/i)(e„_i <g> x (g x)), x e HH n T(u). 

Finally observe that 5 is uniquely determined in low degrees as follows: 
S(ei®l[\) =ei<8)l[] S(ei <g (u® 1)[]) =ei®u'[] 

S'(e i (g)(l®M)[] =e i (g>M // [] 5(ei®l[«®l]) = e 4 ® l[u'] 

S(ei <g (u<g«)[]) =e i ®«V / []+e i _i®« / #« /, Q 5(e» <g> 1[1 ® «]) = e, ® 1[m"] 

5(ei ® (u ® 1)[m ® 1]) =ei<S)u'[u'] Sfe (g) (1 (g) «)[l ® «]) = e 4 (g) m"[m"] 

5(ei ® (1 <g u)[m ® 1]) = ei <S> u"[u'\ + e< <8> w'#m"[] 
5(ei ® (u ® 1)[1 ® u]) = ej ® m'[m"] + e< ® w'#it"[] 

fi^(e< (g 1[m® «]) = (g> 1[mV] + ei_i (g 1[m'#m"] 5(et (g 1[« <g 1|1 ® «]) = e^ ® 1[m'|m"] 

sjei (g l[l (g m|m (g 1]) = ei (g 1[m"|m'] + d <g l[u'#u"] 

(Here we make the convention that e_i = 0.) Therefore, since 9 respects the products 



and with the aid of Proposition 3.6, we can do the following computations: 
Sq°(u[\) = cl(9 0S0 sh(e 2 ® u[] ® u[])) = cl(6(e 2 ® uV[] + ei ® «'#«"[])) 

= d{9{u'u"){e 2 )[])) + c/(^(K# M ")(ei)[])) = cl(S(«'#« w )(ei)[]) = ^9°(«[]) = «[] 
Sg^f]) = c/ (# ° 5 ° s/i ( e i ® «[] ® «[])) = cZ(^(ei ® u'u"[\ + e ® l[u'#u"])) 

= d(/c(« / #Ti ff )(e o )[])) = 
Sg 2 (u[]) = cZ(0 o S o s /i(e ® u[] ® u[])) = d(R(u'u")(e )[})) = u 2 . 
Sq°(l[u\) = d{9 0S0 shld ® 1[«] ® l[u))) = d{9(e 1 ® l[u>"] + e x ® l[u'#u"})) 
= cZ(l[K(u'#u")(ei)) = l[5?°u] = 
=d(0o5 , osA(e o ® l[u] ®l[u])) 
= c/(0(e o ® l[u'\u"} + e ® l[u"|u / ] + e ® 1 [«'#«"])) 
= cZ(l[u|u] + l[u\u\) + d(l[K(u'#u")(ei)]) = 0. 
Thus the Steenrod operations are completely defined on HH^Tiu) = T(u) <S> Asm, by the 
Cartan formula and the formulas: Sq°(u[}) = u[], Sq 2 (u[}) = u 2 [], Sq l (u[}) = for i ^ 1,2, 
Sq°(l[u}) = l[u], Sq l (l[u\) =0 if i > 0. We recover the topological Steenrod squares on 
H* ((CP 00 ) 5 ') = H*(CP°°) ® H*^ 1 ). The technics developped in this example, can be 
performed in order to study the case when A = ¥ 2 [u]/(u k ), k > 2. 



Appendix A - Technicalities on s/ic-algebras. 

In this appendix we lay the material necessary in order to complete the proof of 
Theorem A. 

A.l Lemma. Let A, A' be two she algebras and let f, g G DA(A,A') be such that 
f —da 9- If f is a she homomorphism then g is a she homomorphism. 

Proof Let 9 be a (/, ^-derivation such that / — g = d& o 9 + 9 o d&- Then 9 defines 
a coderivation 9' : BA — > £M': 6 )/ ([ai|....|afc]) = Z)(Li( — l) <Ei [/ a i|--|/ a j-i|^ a i|---l5 ,a j+i--l5 ,a A;] 
where = Z)}=i l a j| + — 1) satisfying 5/ — £?g = ds^' ° 0' + 9' o dsA- Now let fi, 
f 2 G DC (C,C) and consider the adjoint homomorphism /j : C — > C — > BQC (i = 1,2). If 
we assume that /i ~dc /2 then /i ~dc /2 an d thus, by |15|-1.11, fi/i —da fi/b- Therefore 
if / ~da g then 1XB/ ~da VtBg. The lemma follows now, from the obvious relations: 
fi A > o VtB(g ® #) —da Ma' o JIB(/ ® /) —da fi-B/ o ^ ~ DA VtBg o ^ . 

A. 2 Trivialized extensions. Let TEXa be the category of trivialized extensions of 
A in DA in the sense of JT3J-2.1: X A A G TEX if a G DA(X,A) and if there exist 
p G DM(A,X), h G Hom(X, X) such that, a o p = id A , p o a — idx = dx ° h + h o dx, 
P °Va — Vx, £x ° P — ^A-, cvo h = 0, /iop = 0, h o h = 0. A (strict) morphism of trivialized 
extension, f : (X A A, p, h) — » (X' A A,p',h') is a homomorphism / G DA(X, X') such 
that / o p — p' and foh — h'of. 

The following facts are proved in [|Tj| or straightforward to prove. 

Fl If X 4 A G TEX A and F A X G TEX X , then Y ^ A G TEX A . 

F2 If liyle TEX A and X' 4 A' G TEX A ,, then X ® X' S H' A ® A' G TEX^^^/ . 
F3 If A is a differential graded algebra then VLB A -4 A in an initial object in TEX. 
F4 If (yl, /i^) and (A', piA>) are s/ic algebras then there exists a natural homomorphism 



Pa®a> such that {A ® A', ha®A') is a she algebra. In particular, A® n , n > 2 is naturally a 
she algebra. 

F5 The homomorphism ocqba '■ VlBVlBA — > VLB A admits a section 6 QBA G ~DA(VLBA, VlBVlBA). 
F6 If (A, fx a) is a s/ic algebra so is fii?A 
F7 VLBa A —da a^BA- 

F8 If (A, ha) is a s/ic algebra then a a '■ VLB A — ► A is a strict she homomorphism. 

A. 3 Lemma. Let (A,d,p) be a she algebra. For any n>2, there exists a homomorphism of 
differential graded algebras (called the she iterated structural map) pS n ^ : VLB {A® 11 ) — > VLB A 
such that: p^ — ix and o,a° P^ 1 ° iA® n — Moreover, is a strict homomorphism 

of she algebras. 

Proof. Let A\ and A 2 be two differential graded algebras. From F3, we deduce that there 
exists a natural homomorphism of differential graded algebras: 9 A A ^ : VtB(A\ ® A 2 ) — > 
VLB(Ai ®VLBA 2 ) such that: (★) (id Al <8> at A2 ) o a Al ®QBA 2 ° 8 Ai ,a 2 = a M®A 2 ■ It follows, from 
the unicity property , that if A 3 is a differential graded algebra then (9 A A <E> idnsA 3 ) ° 
B Ai ®a 2 ,a 3 = ( id OBA 1 ®^a 2 ,a 3 ) °Q Ai ,a 2 ®a 3 ■ Suppose inductively that p {n) is defined for some 

n>2. We define p^ as the composite ViB(A® n+1 ) VLB (A ® VLB(A® n )) as( ^" > 

fifi (A ® VIB(A)) nB( ^ aA) qb (A® A) A ft£A If we assume moreover that a A o p^ o 
iA<»n = rrv^ then the identities (*) and a^oi_ = id_ imply that a J 4°/ 1 ' ri+1 '°j J 4«"+ 1 — rn^ +1 \ 
The last statement is Proposition 4.5 in HI 



A. 4 Lemma. Let (W, ipw) be the standard resolution. 

a) If (A, d) is a differential graded algebra then Hom(W, A) ^5 A G TEX^. 

b) If X A A G TEX A then Rom(W,X) ou ^ v ' a) R m(W,A) G TEX Hom(VM ) ■ 

c) If A is a she algebra then 

(i) Hom(W, A) is a she algebra, 

(ii) et>o is a she homomorphism, 

(Hi) Let A' be a she algebra. A homomorphism of differential graded algebras 
f : A' —>■ Hom(W, A) is a she homomorphism if and only if evo o f is a she homomorphism. 

Proof, a) Let us denote [go, g%, g n ] G G x n + 1 a generator on W n and recall the 
linear homotopy k : W -> W defined by k([g , g n )) = YX=o{-^Y[9o, 9i-iA, 9i, 9n)- 
Obviously, k o dw + &w ° k = idw — Vw ° e w and k o k = 0. We define h : Hom(W, A) — ► 
Hom(W, A) by = kof. If p : A — > Hom(W, A) is defined by p(a)(w) = ai] A e w (uj), a e A, 
w G iy , a straightforward computation shows that hoD + Doh = id Uoni (w,A) — p° ev and 
hoh = 0. One also easily checks that evoop = id a, evooh = 0, hop = 0, por/A = i]nom(w,A), 
e H om(w,A) o p = e A , where % om( H/,A) = ^a o e w and e Hom(H /,A)(/) = £a ° / ° »7w(l). 

b) The proof is similar to the end of the proof of part a). 

c) (i) Consider the differential linear map if) a '■ Hom(W / , y4)®Hom(iy, A) — > Hom(W, A £g> A) 
defined by 4>A(f®g) = (/®fl , )°V ; VK- Then, Hom(VK, tua) ° ipA = U H o m (H / ,A) and the following 
equalities prove that if) a is a homomorphism of differential graded algebras. 



^((/i®0i)U(/ 2 ®<7 2 )) = (-1)I»IM/iU/ 2 )®(jiUs2)) 

= (-l) l/2|l9l| ((/iU/ 2 )®(( ?1 U( ?2 ))o^ 

= (-l) l/2|l9l| (m A o (/i ® / 2 ) o <g> m A o (( gi <g> g- 2 ) o o ^ 

= rn A ^ A o (^ A (f-y® g^) ®ip A (f 2 ® g 2 )) oip w 

= Mfi®gi)uMf2®g2)- 

We define n Uoin (w,A) '■ ^ B (Hom(W, A)® 2 ) -> JlBHom(W, A) as the composite Q£Hom(Vy, a A o 
A* a) ° ^Hom(VK,A(g)A) ° f^-B^ where # H om(VF,A(g>A) denotes the unique homomorphism of differential 
graded algebras such that Hom ( W ,A®A) ° Hom(W, ® a a) ° a H om(w,fiBA®fiBA) = a H o m (w,A®A)- 
Existence and unicity of Ho m(w,A®^) is a direct consequence of F3, Fl, F2 and part b). 
It turns out that ( HomfW, A), // HO m(w,A)) is a s/ic algebra. 

c)-(ii). Consider for any A in DA the commutative diagram 



ttBA 



nB(evo) 



&A \ 



QBRom(W, A) 

«Hom(VK,A) I 

Hom(W, A) 

ev | 



a SlSHom(H',A) 



a Hom(W,A) 



a a 



(ft.B) 2 Hom( W, A) 

I ^-BttHom(H/A) 

ft.BHom(W; A)B 
| ilBev 
QBA. 

flBB.om(W, A) such that ev o 



/,From F3, we deduce the existence of 9' nBA : 
aHom(w,A) od 'nBA = "A and 0[ 1Bi4 oft.BHom(W, ev ) —da « n sHom(w,A)- B ^ F7 ' ^Ba Uorn(WA) ~ D a 
«nBHom(w,A) and by F5, there is a section for anBnom(w,A) so tlia t (*a) 9' nBA oQBev ~da 
fiBHom(w,A) ■ Moreover, from the unicity property in F3, we know that QBev o 9' nBA = 



id 

idsiBA- In the following diagram, the left hand square is commutative, 

ttB(ev ) , . 9' nBA 



QBA 

V-A T 



nBEom(W, A) 
t QBRom(W, a A o fi A ) 



VLBA 

T A* A 



oQB(evo) 



e 



QB(A® 2 ) QBllom(W,nB(A® 2 )) "^ 2) VLB {A® 2 ) . 

Since the composite of horizontal maps are the identity maps, relations (* A ) and (* A ® A ) 
imply that the right hand square commutes up to homotopy in DA. Therefore, in the 
following diagram the upper square commutes , up to homotopy in DA. 



QBHom(W, A) 



QBRom(W, A) 

A*Hom(W,A) t 

ttB(Rom(W,A)® 2 ) 
HB(ev <g> evo) I 
VLB(A® 2 ) 



QB(ev ) 



flBHom(W,aAO/J,A) 



QBA 



€IB(A® 2 ) 



QBlIom(W, A) 
T O'qba ° A* a 

riB(A® 2 ) 



nBRom(W,ttB (A® 2 )) 
ttB}lom(W,ttB(A® 2 )) I ! 

QBRom(W,A® 2 ) %^ 2) VLB(A m ) 
nB(evo) I || 
VLB(A® 2 ) = ttB(A® 2 ) 

It is not difficult, if tedious, to check that the other cells in the diagram commutes also 
up to homotopy in DA. This shows that £lB(evo) o (/, Hoin (w,A) — da A*a ° QB(evo <g> evo), i.e. 
evo is a strict she map. 

c)-(iii) Let / : A' — > Hom(W / , A) be a homomorphism of differential graded algebras 
such that /jl a o Q(ev ® ev ) o QB(f ® /) ~ D a (QB(ev o /)) o Thus in the following 
diagram the bigger square commutes, up to homotopy in DA. 



VlBA* ^ VLBRom(W,A) ™° QBA 

H-A' T A*Hom(W,A) T T A* A 

nB(A>®A') QB ^ f) nB(Kom(W,A)®Kom(W,A)) nB ^ e ^ VLB(A <g> A) . 
The right hand square commutes, up to homotopy in DA, by part c-(ii) and thus so does 
the left hand square. This proves that / is a strict she homomorphism. Conversely, if / 
is a she map, by part c-(ii), the composite / o ev is also a strict she homomorphism. 

A. 5 Lemma. If (A,cIa,IJ>a,k>a) is a n-shc algebra then, 

a) k is a strict homomorphism of she algebras, 

b) H*(f) A : H^(Rom(W, A)) — > H(Hom(W : <LA)) preserves the natural multiplications. 

Proof. a) By lemma A. 3, fi^ is a strict homomorphism of she algebras. Since 
evo o k A ~ DA a a ° (J>a\ from Lemma A.4-c)-(iii), we deduce that Ra is a strict she 
homomorphism. 

b) We obtain the two commutative diagrams (Diagrams A and B): 



QBevo 



(€Rom(W,A)f 2 
i sh 

€ (Hom(W, A)® 2 ) 

^«Hom(W,A)® 2 T 

£VlB (Eom{W, A)® 2 ) 
and 



om ( W, A ) 



om ( W, A ) ® 2 



Hom(W, <L4)® 2 

£Hom(W / ", A® 2 
t <tEom(W, a A ®*) 

£n J BHom(W^, A® 2 ) 



^4 Horn (W, M)® 2 ) 
Hom(W, s/i) | 

Hom(W / ",G:(A® 2 )) 



Hom(W / ",G:(A® 2 )) 

t Rom(W, £a A ®2) 



£Rom(W, 
£Rom(W,a A ®2) T 

£Rom(W, VLB{A® 2 )) "^T ; Rom(W, £VlB{ 
From, F3, Lemma A.4-b) and F8 we deduce the existence of the homomorphisms of 
differential graded algebras Q' A , 0' A ® 2 , Q" A m such that : Hom(V4 / , a A ) o 6' A = a norn ( WjA ), 
Rom(W, a A m) o a Hom( w t n B (A^)) ° 0% 2 = a Hom WA®2) an d Hom(W, a A m) ° 8' A m = « H o m (w,A® 2 )- 
The desired commutativity of the diagrams C, and D below is clear from the construction 
of /i H om(w,A) (Proof of lemma A.4-c)-(i)): 



€VlB (Hom(W, A)® 2 ) 

^Hom(W,A) I 

£VLBH.om(W, A) 
and 



(Hom(W,A)® 2 ) 



£VLBRom(W, A® 2 ) 



£8' 



£QBEom(W, VLB(A® 2 )) 
£Uv om {w,nBA)° I £ttBRom(W, tfi A ) 
€YLom(W, VLB A) , 



£0' 



€Eom(W, VLB 



fnB(/i® 2 ) 



Eom{W, £VLB(A® 2 ) 

[ Hom(W, €fx A ) 



<tVLBRom(W, A® 2 ) 

£6 A ®2 { Ca H om(u',nB(A® 2 )) 
€VLBEom{W,VLB{A® 2 )) 
to H o m (u/,nBA)° I £VLBR~om(W, €fi A ) 

tEom(W : VLB A) ^4 Hom(W / ", ZVLBA) . 

Now we choose linear sections of £a Hoin (w,A® 2 ) (resp. of Hom(W, <ta A m)) and we define a 

product m C H m(w,A) (resp. a cup product m Hom ( W ,cA)) on <EHom(W, A) (resp. on Hom(W / ", £A). 
Then gluing together diagrams A,B,C, and D we deduce that the following diagram 



{<mom{W,A)f 2 ^ (Rom(W,£A)f 2 

eHom(W, A) Hom(W, tA) 

commutes up to a linear homotopy. 

A. 6 Lemma. Let (TV, dy) be a differential graded algebra and assume that a finite group 
tt acts freely on V. Let A be a n- differential graded algebra and f,g G 7r-DA(TV, A). If 
f — tt-da 9 then €f ~ w <tg. 

Proof. The closed model category framework provides a convenient language in which we 
prove the lemma. For our purpose we define the cylinder I(TV,d) on (TV,d): 

(TV,d) \d 

I(TV,d) (TV,d) 

(TV,d) /d x 

with I(TV, d) := (T(V ffiViffisV), D), d V = V , d x V = V, pv = pv\ = v, psv = 0, D = d on 
Vo and on V, Dsn = Sdv where S is the unique (<%, 9i)-derivation S : TV — > T(Vo©Vi©sV) 
extending the graded isomorphism s : V — > sV. The free 7r-action on TV naturally extends 
to a free 7r-action on /(TV, c?) so that I (TV, d) is a 7r-algebra and the maps maps p, do 
and <9i are 7r-equivariant quasi-isomorphisms. By definition / ~c g (resp. / g) if 

there exists H E DA(/(TV, d), A) (resp. H e n-BA(I(TV, d), A)) such that Hd = f and 
i/<9i = g. It is straightforward to check that / ~c g if and only if / ~da g , 0, (resp. 
/ ^K-c g if and only if / ^-da Consider the commutative diagram 

£TV©£TV €i ^S id €TV 

€d © edi | £p T 

<rJTV C/TV. 
Now £(9 © is injective and its cokernel is a projective 7r-module. Hence, <td © £(9i is 
a cofibration and since £p is a weak equivalence, the complex <tITV is a cylinder object 
in the closed model category 7T-DM. Let H G 7r-DA(/(TV, d), A) be a homotopy between 
/ and g then, <tf = €H o c9 , Cg = o <tdi and thus £/ ^ Cg. 



Appendix B - Equivariant acyclic model theorem. 

The proof of Theorem B relies heavily on the 7r-equivariant acyclic model theorem for 
cochain functors. We state and prove this theorem. 

B.l Let R be a (ungraded) commutative algebra over the field ¥ p and let C be a category 
with models M.. Consider a contravariant functor F : C — ► CocriR , A i— > FA = {F t A}i £Zi 
with values in the category of i?-cochain complexes (R acting on the left). See ||, JT2J 
or [Q] for the definitions of: F admits a unit, F is acyclic on the models and F is 
corepresentable for the models M.. The singular cochains functor C n : Top — > Mod r is 
corepresentable on the models {A fc }fc> . Observing that a retract of corepresentable functor 
is corepresentable, we deduce that the functor X \— > N*X is corepresentable on the models 
{A fc }fc> . For further use it is interesting to remark here that is F is corepresentable on 
a familly of models and if W is an .R-free graded module of finite type then so is the 
functor A > B.om(W, F A) . Indeed, in this case each B.om(W n , FA) is a finite sum on 



copies of FA and one concludes using the fact that Yl a Fa = EL F a (see for more 

details). 

B.2 We embed the category Coch^ into the category Mod of graded (without differential) 
Fp-modules. Then, considering the two contravariant functors F , G : C — > Cochp as 
functors with values in Mod^, we denote by Hom*(F, G) , i G Z the sets of natural 
transformations of degree i. A differential D : Hom^(F, G) -»■ Hom m (F,G) is defined 
by: (DT) A = d G[A) T A - (-iyT A d F{A) . For our purpose R = ¥ p [n] = F„[t]/V - 1) 
then, for any object A of C, B.om l (FA, GA) is a 7r-module by the rule d G i,T 6 
Hon4(F, G) , A, G C , x G FA , (aT) A (x) = aT A (a~ l x) . The F p -module Rom ir (FA, GA) of 
7r-linear transformations is the fixed point set of Horn (FA, GA) under this action. The 
next theorem hase been prove in 0]. 

B.3 Theorem. Let C be a category with models M.r and F, G : C — > Coch^ two 

contravariant functors with units such that for any A G C, FM = = G % A if i < 0, F is 
acyclic on the models and G is corepresentable on the models. Then H° (Hom 7r (F, G)) = 
R and H° (Hom^F, G)) = if i ^ . 

B.4 Corollary. // F : Top — >■ Coch^ is any functor such that: 

a) i] : F p — > F is a unit, 

b) for any model A n ,n > there exists a map e n : F(A n ) — » F p suc/i i/iai e n or] n = id ¥p 
and r] n o e n ~ idp^ then, H t (Rom 1T (F,}iom(W, N*)) = 

Proof Recall the (right) 7r-free acyclic complex W with left 7r-action defined by aw = 
wa^ 1 , a G 7T and w E W and the canonical isomorphism H.om n (A,Hom(W, B))) = 
Hom^ (W Cg) A, 5)) , where (B,ds) is a (left) 7r-complex. We precise that 7r acts tivially 
on N*X for any space X. The functor G = Hom(W/, N*) : Top — > Coch F ^ , admits a 
unit r) defined as follows: for any space X T)x(&) = & ° Cq , where e$ G Horn (W/ 7 , N*X) 
denotes the dual of eo G Wo- As remarked in B.l, G = Hom(W,N*) is corepresentable on 
the models A n . 

The natural transformation 77 induces a natural transformation, also denoted 77 : R = 
F p [7r] — > F ® F. Moreover, for any n > there exists e n = F(A n ) ® F — > F such that 
77a« o 6a™ = ic?A™ and 6a™ VA n — id&n. Since ir acts diagonally on F ® F, the map <y? 1— > 
(<£> : x®y I— > ip(x)y) is an isomorphism of chain complexes Hom 7r (F, G) = Hom 7r (F ® F, G) , 
for any functor G : Top — > Cocrv We apply theorem B.3 to end the proof. 
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